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Abstract
A two-loop (cylinder) amplitude of the 2d pure gravity theory is obtained in
the proper-time gauge (g00 = 1, g01 = g10 = 0) in the continuum formulation.
The constraint T01 = 0 is solved and used to reduce the problem of field theory
to that of quantum mechanics. This reduction can also be proved by using a
conformal Ward identity. The amplitude depends on the lengths l1, l2 of the
boundaries, the proper time T and a non-negative integer m associated with
winding modes around the boundaries.
∗nakayama@particle.phys.hokudai.ac.jp
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Much progress in the formulation of 2d quantum gravity has been made since the
equivalence of 2d quantum gravity and dynamical triangulation (DT)[1] was estab-
lished. [2] − [10] As for the problem of understanding 2d gravity solely in the con-
tinuum theory, there still remain several technical difficulties, although there are some
important developments [11] − [15]. Especially, loop amplitudes have not been derived
by the quantization of the gravitationally induced action in spite of some attempts [8]
[16].
In this letter a two-loop (cylinder) amplitude of the pure gravity theory will be
derived in the continuum formulation of 2d gravity. For this purpose we should first
specify a suitable gauge. A natural coordinate system on a cylinder is obtained by
choosing its height as the direction of the time coordinate x0 and the cycle perpendic-
ular to it as that of the space coordinate x1. In this coordinate frame we will make the
following gauge fixing for the metric (proper-time gauge [17]):
g00 = 1, g01 = g10 = 0. (1)
The component g11 is denoted as γ(x
0, x1).
Let us first derive a conformal Ward identity. We start from the proper-time gauge
(1) and perform an infinitesimal reparametrization of x0, δx0 = ǫ(x0). Then the metric
is no longer of the form of (1). To return to (1) we should rescale the metric as
gµν → (1 + 2ǫ′)gµν . The total change of √γ is δ√γ = ǫ′√γ − ǫ∂0√γ. Since the action
and the integration measure are invariant under reparametrizations but not under Weyl
rescalings, we obtain the following Ward identity
<
∫
d2xǫ′(x0)
√
g(x)(cR(x) + λ)
√
γ(x1) · · ·
√
γ(xn) >
=
n∑
j=1
[−ǫ(x0j )∂/∂x0j + ǫ′(x0j) ] <
√
γ(x1) · · ·
√
γ(xn) >, (2)
where
√
gR = −2∂20
√
γ, c is a constant proportional to the conformal anomaly and λ
a cosmological constant. By removing ǫ from (2), integrating over x1j and defining a
length of the loop at time x0 by l(x0) =
∫ π
0 dx
1
√
γ(x), we have
[−2c(∂/∂x0)3 + λ∂/∂x0 ] < l(x0)l(x01) · · · l(x0n) >
=
n∑
j=1
[ δ(x0 − x0j )∂/∂x0j + δ′(x0 − x0j ) ] < l(x0)l(x01) · · · l(x0n) > . (3)
This is a closed equation for Green functions of l(x0). Existence of such an identity
suggests that there should be a quantum-mechanical action for l(x0). Indeed there is
such an action and it can be written as
Sl =
∫
dx0[
c
l
(
d
dx0
l)2 +
λ
2
l +
a
l
], (4)
2
where a is some constant whose value is unknown at present. It is easy to derive (3)
from the action (4) by a change of variables l(x0) → l(x0) + ǫ′(x0)l(x0) − ǫ(x0)l′(x0).
One of the purposes of this letter is to derive (4) from the gravitationally induced
action. It will be shown that the constant a takes discrete values.
As is well-known, the continuum action in 2d gravity is given by the induced ac-
tion which is obtained by integrating out the matter fields coupled to gravity. In the
conformal gauge gµν = e
φgˆµν , the induced action coincides with Liouville action
SL(φ; gˆµν) =
∫
d2x
√
gˆ[
1
4
gˆµν∂µφ∂νφ+
1
2
φRˆ + 4λeφ], (5)
where φ is the conformal mode, gˆµν is the reference metric and λ is a cosmological
constant. Although SL is local, in gauges such as (1) the induced action Sind is non-
local. Let us parametrize an arbitrary metric gµν as follows:
gµνdx
µdxν = eφgˆµνdx
µdxν = eφ(dz + µdz¯)(dz¯ + µ¯dz), (6)
where z = x0 + ix1, z¯ = x0 − ix1. We introduce two functions f(x0, x1) and f¯(x0, x1)
to define µ and µ¯:
µ = ∂¯f/∂f and µ¯ = ∂f¯/∂¯f¯ , (7)
where ∂ = (∂0 − i∂1)/2, ∂¯ = (∂0 + i∂1)/2 and ∂µ = ∂/∂xµ. The induced action Sind is
then given [18] by
Sind = SL(φ; gˆµν) + Sf(f) + S¯f(f¯) + Sl.c.(µ, µ¯), (8)
where Sf(f) is Polyakov’s light-cone gauge action [19]:
Sf (f) =
1
2
∫
d2x[
∂2f∂∂¯f
(∂f)2
− ∂
3f∂¯f
(∂f)2
]. (9)
Here S¯f (f¯) is the complex conjugate of Sf(f). The local counterterms are determined
by the requirement of general coordinate invariance and we have
Sl.c.(µ, µ¯) =
∫
d2x(1− µµ¯)−1{2∂µ∂¯µ¯− µ(∂¯µ¯)2 − µ¯(∂µ)2}. (10)
The action (8) is indeed invariant under an infinitesimal coordinate transformation
(δz = ǫ(z, z¯)) 1
δφ = ǫ∂φ + (∂ + µ¯∂¯)ǫ,
δµ = ǫ∂µ + (∂¯ − µ∂)ǫ,
δµ¯ = ǫ∂µ¯ + (µ¯∂ − µ¯2∂¯)ǫ,
δf = ǫ∂f, δf¯ = ǫ∂f¯ . (11)
1Here δz¯ = ǫ¯(z, z¯), which is a complex conjugate of ǫ(z, z¯), is formally set to zero. It is a straight-
forward task to recover ǫ¯.
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Because f and f¯ are not local functions of µ and µ¯, Sind is non-local.
We note that in the gauge (1) µ, µ¯ and φ are expressed in terms of
√
γ as
µ = µ¯ = (1−√γ)/(1 +√γ), φ = 2 ln{(1 +√γ)/2}. (12)
Conversely, γ is a function of f and f¯ , and by using (7) we obtain
√
γ = −i∂1f/∂0f = i∂1f¯ /∂0f¯ . (13)
Thus f and f¯ are not independent. In the case of pure gravity the action S consists of
the cosmological term and the induced action coming from the Faddeev-Popov deter-
minant. Here the ghost coordinates are integrated out. By substituting (12) into (8),
we obtain
S =
κ
4π
∫
d2x[(3 + 3
√
γ + γ)(1 +
√
γ)−3(∂0
√
γ)2 − (1 +√γ)−3(∂1√γ)2
+
1
2
{∂
2f∂∂¯f − ∂3f∂¯f
(∂f)2
+ c.c.}+ 4λ√γ], (14)
where Sind is multiplied by some constant, κ/(4π), which is proportional to the con-
formal anomaly.
We would like to reduce the problem of two-dimensional field theory to that of
quantum mechanics. This will be done by using the fact that the stress-energy tensor
must vanish. We will first modify the gauge condition of (1) to
g00 = 1 + h00, g01 = h01, (15)
where h00 and h01 are some fixed functions. The partition function Z, which is
reparametrization invariant, should be independent of h00 and h01 and we have the
condition [12]
δZ
δh00(x)
∣∣∣∣∣
h00=h01=0
=
δZ
δh01(x)
∣∣∣∣∣
h00=h01=0
= 0. (16)
This is equivalent to the vanishing of the stress-energy tensor T00 = T01 = 0. By differ-
entiating Z w.r.t. h00 and h01 arbitrary times we conclude that correlation functions
of arbitrary number of T00’s and T01’s are zero.
2 Therefore we can substitute the
solution of T00 = 0 and/or T01 = 0 into the action (14). In this letter we will solve only
the constraint T01 = 0
3 explicitly and use this constraint to reduce the model (14)
to quantum mechanics. Validity of this procedure will be justified later by the result
(34), which coincides with (4).
2Contact terms may appear because in the action (8) the time components g00 and g01 are not
simply the Lagrange multipliers of the constraints T00 = T01 = 0. We will neglect such contact terms.
3It is known that the constraint T00 = 0 is not simply satisfied.
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The stress-energy tensor of the model (14) is obtained by varying (8) w.r.t. gµν and
we have
4π
κ
T00 =
1
2
(F + F¯ ) +
1√
γ
∂20
√
γ − 2λ, (17)
4π
κ
T01 =
i
2
√
γ(F − F¯ ), (18)
4π
κ
T11 = −1
2
γ(F + F¯ )− 2λγ, (19)
where
F = {f, x0} = ∂30f/∂0f −
3
2
(∂20f/∂0f)
2, F¯ = {f¯ , x0} (20)
are Schwarzian derivatives.
The solution to the constraint T01 = 0 turns out to be
f(x0, x1) = A tanh[
∫ x0
0
ds√
γ0(s)
+ i
∫ x1
0
dσ
√
γ1(σ)] + C, (21)
γ(x0, x1) = γ0(x
0)γ1(x
1), (22)
where γ0(x
0) and γ1(x
1) are arbitrary functions of x0 and x1, respectively, and A and
C are arbitrary constants. This will be proved below. Before that, two remarks are
in order. First, γ is determined from (21) by using (13) and there is no ambiguity
associated with multiplying γ0 by a constant and dividing γ1 by the same constant.
Secondly, f should be a single-valued function on a cylinder. Thus from (21) we
conclude that γ1 has to satisfy a condition∫ π
0
dx1
√
γ1(x1) = (m+ 1)π (m = 0, 1, 2, . . .), (23)
where 0 ≤ x1 ≤ π is a cycle of the cylinder. Although we can transform γ1(x1) into
a constant (m + 1)2 by reparametrizations of x1, two γ1’s corresponding to different
values of m cannot be connected by reparametrizations. Thus in order to compute a
cylinder amplitude, we have to do summation over m.
Let us now prove (21-22). By using (13) we can show the following identities by
direct calculations
∂1F − i√γ∂0F − 2i∂0√γF = i∂30
√
γ, (24)
∂1F¯ + i
√
γ∂0F¯ + 2i∂0
√
γF¯ = −i∂30
√
γ. (25)
Because of (18) the constraint T01 = 0 means that F = F¯ , and hence we can show
from (24) + (25) that F is a function of only x0. Then (24) can be integrated w.r.t.
x0;
F (x0) = F¯ (x0) = − 1√
γ
∂20
√
γ +
1
2γ
(∂0
√
γ)2 − 2
γ
γ1(x
1), (26)
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where γ1(x
1) is an arbitrary real function of x1. The non-linear differential equation
for f obtained by combining (20) and (26) has a general solution of the form
f(x0, x1) = A(x1) tanh[
√
γ1(x1)
∫ x0
0
ds√
γ(s, x1)
+B(x1)] + C(x1), (27)
where A(x1), B(x1) and C(x1) are arbitrary functions of x1. Finally by requiring that
(27) should satisfy (13), we obtain (22) and find that A and C are constants and that
B(x1) = i
∫ x1
0
dσ
√
γ1(σ). (28)
We will next reduce the model (14) to quantum mechanics by using the solution
(21-23) to the constraint T01 = 0.
4 The simplest way to do this is to compute the
Hamiltonian
Hred =
∫ π
0
dx1 2
√
γ T00. (29)
By using (17), (22), (23) and (26), we obtain
Hred =
κ
2
(m+ 1)[
1
2
√
γ0
(
d
dx0
√
γ0)
2 − 2λ√γ0 − 2√
γ0
]. (30)
Then the action which yields Hred is found to be
Sred =
κ
2
(m+ 1)
∫ T
0
dx0[
1
2
√
γ0
(
d
dx0
√
γ0)
2 + 2λ
√
γ0 +
2√
γ0
], (31)
where T is the proper time. 5 The variation of Sred w.r.t. γ0 satisfies the following
relation:
δSred =
∫
d2x
√
γT˜11δ(
1
γ
), (32)
where T˜11 is obtained by substituting (26) into (19). Let us define the length of a loop
at time x0 by
l(x0) =
1
π
∫ π
0
dx1
√
γ(x) = (m+ 1)
√
γ0(x0). (33)
Then the action (31) is rewritten in terms of l as
Sred = κ
∫ T
0
dx0[
1
4
l−1(x0) { d
dx0
l(x0)}2 + λ l(x0) + (m+ 1)2 l−1(x0)]. (34)
4 This procedure is subtle because T01 and T00 do not commute. Direct substitution of (21-23)
into (14) does not yield the last term in (31). This term, however, should exist because it is identified
as the Casimir energy for the cylindrical configuration.
5It was suggested in [8] without proof that the problem of 2d gravity reduces to that of quantum
mechanics. Classically Sred is related to the minisuperspace model [8] in the conformal gauge by a
transformation x0 → x˜0 with dx0/dx˜0 = √γ0 = exp (φ/2).
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Note that Sred coincides with (4) up to constant rescalings of the variables and that a
takes descrete values κ (m+ 1)2.
In the conformal gauge the constant κ is determined by invariance of the partition
function under the transformation φ(x) → φ(x) + ǫ(x), gˆµν(x) → e−ǫ(x)gˆµν(x) [11]. In
the light-cone gauge the SL(2) current algebra determines κ [12]. In the present case
an argument which determines the value of κ is not available. Here we will set κ = 1,
because this leads to a simple and interesting two-loop amplitude. It is straightforward
to consider the case of arbitrary κ. Later we will also consider the case κ = ∞. We
also have to take into account the possibility that the coefficient m + 1 in (31) may
be additively renormalized by a Jacobian associated with a change of variables from
f(x0, x1) to γ0(x
0). It turns out that the action (34) with m+ 1 shifted by −1
2
,
Sm = κ
∫ T
0
dx0[
1
4 l(x0)
(
d
dx0
l(x0))2 + λl(x0) +
(m+ 1
2
)2
l(x0)
] (κ = 1) (35)
leads to the two-loop amplitude derived in matrix models.
To quantize the model (35) we will switch to the Minkowskian metric temporarily.
The Hamiltonian Hm derived from Sm is given by
Hm = Πl lΠl + (m+
1
2
)2l−1 + λl, (36)
where Πl is the canonical momentum conjugate to l and is replaced by −i∂/∂l upon
quantization. We would like to solve the problem of energy eigenvalues
HmΨ(l) = EΨ(l). (37)
Rescaling the variable l → z = 2√λl and defining a new function Φ(z) = ez/2z−(m+ 12 )Ψ(l),
we can rewrite (37) into a confluent hypergeometric differential equation
z
d2
dz2
Φ+ (2m+ 2− z) d
dz
Φ− (m+ 1− E
2
√
λ
)Φ = 0. (38)
The wave function should be regular at both l = 0 and l = +∞. Solving (38) with this
boundary condition, we obtain the following orthonormal wave functions and energy
eigenvalues
Ψ(m)n (l) =
√
n!
(n + 2m+ 1)!
(2
√
λ)m+1e−
√
λllm+
1
2L(2m+1)n (2
√
λ l), (39)
E(m)n = 2
√
λ(n+m+ 1), (40)
where n = 0, 1, 2, . . . and L(α)n (z) is Laguerre polynomial [20].
7
We now turn to the construction of the cylinder amplitude
Am(l1, l2;T ) =< l2|e−THm|l1 >=
∞∑
n=0
Ψ(m)n (l2)e
−E(m)
n
TΨ(m)n (l1). (41)
As mentioned above, however, we have to do summation over m in order to take all
inequivalent classes of γ1(x
1) into account. The full amplitude will be given by
A(l1, l2;T ) =
∞∑
m=0
wmAm(l1, l2;T ), (42)
where wm is a weight factor. Let us first compute Am(l1, l2;T ). By using (39-41) and
a formula [20]
∞∑
n=0
n!
Γ(n+ α + 1)
L(α)n (x)L
(α)
n (y)z
n
= (1− z)−1exp{−z(1 − z)−1(x+ y)}(xyz)−α/2Iα(2(1− z)−1√xyz), |z| < 1,(43)
we obtain
Am(l1, l2;T ) =
√
λ cosech(
√
λT ) exp[−
√
λ(l1 + l2) coth(
√
λT )]
·I2m+1(2
√
λ
√
l1l2 cosech{
√
λT}), (44)
where Iν(z) and Kν(z) in (45) below are modified Bessel functions. To compare our
result with that of matrix models, (44) should be integrated over T from 0 to +∞. By
using a formula in [21] we have
Gm(l1, l2) =
∫ ∞
0
dTAm(l1, l2;T ) = Km+ 1
2
(
√
λla)Im+ 1
2
(
√
λlb), (45)
where a = 1, b = 2 if l1 > l2 and a = 2, b = 1 otherwise. This result was in fact
expected, because Gm(l1, l2) is the solution of
Hm(l1, ∂l1)Gm(l1, l2) = δ(l1 − l2). (46)
Let us now consider the full amplitude (42). We do not have a definite argument
to determine wm. If we set for instance
wm = (−1)m(2m+ 1), (47)
then by (42) and (45) we obtain
∫ ∞
0
dTA(l1, l2;T ) =
∞∑
m=0
(−1)m(2m+ 1)
∫ ∞
0
dTAm(l1, l2;T )
=
∞∑
m=0
(−1)m(2m+ 1)Km+ 1
2
(
√
λla)Im+ 1
2
(
√
λlb). (48)
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Due to the following Gegenbauer’s addition formula [20] [8],
Kν(R)R
−ν = 2νΓ(ν)
∞∑
n=0
(ν + n)C1/2n (cos θ)Kν+n(z)Iν+n(ζ)(zζ)
−ν,
R = (z2 + ζ2 − 2zζcos θ)1/2, |ζ | < |z|, ν 6= 0,−1,−2, . . . , (49)
(48) can be summed to yield
∫ ∞
0
dTA(l1, l2;T ) =
√
l1l2
l1 + l2
e−
√
λ(l1+l2), (50)
where Cνn(z) is Gegenbauer polynomial. This agrees with the result of matrix model
calculations [8]. However, the two-loop amplitude derived in matrix models contains
diagrams with many branches, i.e. small universes, attached on the wall of the cylin-
der. In fact the analysis of [9] shows that space-time geometries with infinitely many,
very thin branches prevail in the cylinder amplitude. On such geometries the gauge
(1) cannot be chosen and hence the calculations in the present letter and those in
matrix models cannot be compared. Therefore we have to choose different wm and
determination of the value of wm is left to the future work.
Up to this point we have assumed that κ = 1. However the Faddeev-Popov deter-
minant in the gauge (1) is given by
∆FP = [ det
′ (−γ− 12 ∂0 γ 12 ∂0 ) det (−γ− 32 ∂0 γ 32 ∂0 )] 12 , (51)
where det′ implies the determinant for nonzero modes. The operators in (51) do not
contain ∂1 and hence (51) is ill-defined. Therefore the value of κ may be infinite. In
such a case we have to keep κ in the above arguments. The amplitude (44) now reads
Am(l1, l2;T ) = κ
√
λcosech(
√
λT )exp[−κ
√
λ(l1 + l2)coth(
√
λT )]
·Iκ(2m+1)(2κ
√
λ
√
l1l2cosech(
√
λT )). (52)
The κ → ∞ limit of (52) depends on how l1, l2 and λ are rescaled. If l1, l2 and λ are
kept fixed, then the κ→∞ limit of (52) is given by
Am(l1, l2;T ) ∼
√√√√ κ(m+ 12)
2πl1l2 sinh(2ξ)
exp(−κU), (53)
where
U =
√
λ(l1 + l2)coth(
√
λT )− 2(m+ 1
2
) coth ξ + 2(m+
1
2
) ξ (54)
and ξ is defined by
sinh ξ = (m+
1
2
) (λl1l2)
− 1
2 sinh(
√
λT ). (55)
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If we instead rescale l1, l2 and 1/λ by an infinite amount, that is, if we replace lj and
1/λ by Λlj and Λ
′/λ, respectively, where Λ and Λ′ go to ∞ as κ → ∞, then we have
simply
lim
κ→∞Am ∝ δ(l1 − l2). (56)
This means that the Hamiltonian for loop propagation is zero.
To recapitulate, in the pure gravity theory on a cylinder the quantum-mechanical
action (35) for the length l(x0) of a loop was derived by starting from the gravitationally
induced action in the proper-time gauge (1) and solving the gauge constraint T01 = 0.
Then the two-loop amplitude Am(l1, l2;T ) (44) was obtained by the quantization of
this model.
An interesting point is that the summation over m in (42) is a natural consequence
of the requirement of integration over all inequivalent classes of γ1(x
1). These degrees
of freedom m = 0, 1, 2, . . . are the modes associated with the cycle of the cylinder. It
will be important to further clarify the meaning of these winding modes. Let us also
note that the amplitude (41) satisfies the composition law
∫ ∞
0
dl2Am(l1, l2;T )Am(l2, l3;T
′) = Am(l1, l3;T + T
′), (57)
while the full amplitude (42) fails to satisfy (57) due to the sum over m.
In this letter only the cylinder, i.e., the propagator was studied. As a next step,
we would like to introduce the time T and the quantum number m to each boundary
of a disk and a three-loop vertex. If this is achieved, higher genus amplitudes may be
obtained by sewing the boundaries of vertices.
The author thanks N. Ishibashi, H. Kawai, Y. Okamoto and K. Yoshida for discus-
sions.
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